lactromagnetics 


Reference Differential Form 
Gauss’s law ۷ ۰1( - py, 
Faraday's law VxE-- » 
No magnetic charges V-B=0 


(Gauss's law for magnetism) 


Ampere's law 
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Integral Form 


5-1 


Stavics 


stat-ic 
adj. 
1. a. Having no motion; being at rest; quiescent. 

b. Fixed; stationary. 
2. Physics Of or relating to bodies at rest or forces 
that balance each other. 
3. Electricity Of, relating to, or producing stationary 
charges; electrostatic. 
4. Of, relating to, or produced by random radio noise. 
n. 
1. Random noise, such as crackling in a receiver or 
Specks on a television screen, produced by 
atmospheric disturbance of the signal. 
2. Informal 
a. Back talk. 
b. Interference; obstruction. 
c. Angry or heated criticism. 


Storio په‎ Charge 
> (static) ElecrRic Gelds 


Constant CURRENT (ta, ioviag charge) 
ود‎ (sran) Magnen< Field 
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For the special case of no time variations (i.e. statics) 


the electric and magnetic fields are de-coupled, and 
we can treat them separately! 


V.D-cp, 
E JecTRo Static 5 


41 
O 


VxE=-— 


Mhan ety STATICS 


3 


0 
VxH=J+ 
Mas neric Field 
E es 
ym z = 从 H 


5 is Maanerie Permeob; IR y 
Flux density 
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Magnetostatics 


LoRentz : 


Fm quB sin 9 
Mad NE Tle OWL 
com per en um Fiel As 

Fo ce d‏ لو 


Exercise 5.1 An electron moving in the positive x-direction perpendicular to a 
magnetic field experiences a deflection in the negative z-direction. What is the 


direction of the magnetic field? q=-e 
u=Xu 
Fm = —2 Fin 
—ZF,, 一 -XuexB 


For the cross product to apply, B has to be in the positive y-direction. 


Magnetic Force on a Current Element 


Differential force dFm on a differential current | dl: 


dEn = 5۱. 8 (N). (5.9) 


For a closed circuit of contour C carrying a current /, the total 
magnetic force is 


(N). 


If the closed wire shown in Fig. 5-3(a) resides in a uniform 
external magnetic field B. then B can be taken outside the 
integral in Eq. (5.10), in which case 


(a ze ja xB=0. (5.11) 
C 


This result, which is a consequence of the fact that the 
vector sum of the infinitesimal vectors dl over a closed path 
equals zero, states that the total magnetic force on any closed 
current loop in a uniform magnetic field is zero. 


© © © On 
0000 


” 
一 


Figure 5-2: When a slightly flexible vertical wire is placed in a 
magnetic field directed into the page (as denoted by the crosses), 
it is (a) not deflected when the current through it is zero, (b) 
deflected to the left when / is upward, and (c) deflected to the 
right when / is downward. 


Magnetic Torque on Current Loop 


Ric I (—Ẹb) x (Bo) = ŻI b Bo, 


F; = /(yb) x (Bo) = —ZIbBo. 


No forces on arms 2 and 4 ( because I 
and B are parallel, or anti-parallel) 


Magnetic torque: 
T =d; x F; +d; x F} 


= (25) x (21080) + (& 5) x (-21bBo) 


-一 VIab Bo = - غد‎ 


Area of Loop 


y 


Figure 5-6: Rectangular loop pivoted along the y-axis: (a) front 
view and (b) bottom view. The combination of forces Fl and 
F3 on the loop generates a torque that tends to rotate the loop in 
a clockwise direction as shown in (b). 


Electric vs Magnetic Comparison 
本 Table 5-1: Attributes of electrostatics and magnetostatics. HIS 


Attribute Electrostatics Magnetostatics 


Sources Stationary charges p, Steady currents J 
Fields and Fluxes 


Constitutive 

parameter(s) 

Governing equations 

e Differential form V-D=py 
VxE=0 


e Integral form $ D:ds= Q 


۸ 
C 


Potential Scalar V, with Vector A, with 
E= —-VV B=VxA 


Energy density We = و1‎ : Um — 5H - 


Force on charge q Fe = qE Fm = qu x B 


Circuit element(s) C and R F; 


gas sample ions accelerate magnetic field 
enters here towards charged deflects lightest ions 
slit most 
A r 
232) و‎ 
T * د‎ 
43% 
- 


filament current 
ionizes the gas 


ions separated by mass 
expose film 
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5-2 


e 
DI po | es Instead of plus (*) and minus (-), the poles of a magnetic dipole 
E are defined as north (N) and south(S): 


m 


l (dH out of the page) 
6% ~ Savant Py aH 
Crores JUST a Nome) / 


p: 
用 dà i r (A P (dH M o 


Magnetic Field due to Current Densities 


(b) Surface current density J, in A/m 


Figure 5-9: (a) The total current crossing the cross section S of 
the cylinder is I = f, J-ds. (b) The total current flowing across 
the surface of the conductor is / — f, Js dl. 


Example 5-2: Magnetic Field of Linear Conductor 


Solution: From Fig. 5-10, the differential length vector 
dl =2 dz. Hence. dl x È = dz (zx R) = sin dz, where 
Ô is the azimuth direction and 6 is the angle between dl and R. 
Application of Eq. (5.22) gives 


z=1/2 " 1/2 
I dxR œ I sin O 
H = — ——— = 6 — — dz. 5:22) 
Ar | R? M Ar J R? 
z=—l/2 -1/2 


Both R and 6 are dependent on the integration variable z, but 
the radial distance r is not. For convenience, we will convert 
the integration variable from z to 0 by using the transformations 


Ra RESO, (5.262) 
Z — —r cot 0, (5.26b) 
dz =r csc? 0 dé. (5.26c) 


(a) 


R 
dH into 
dO the page 


(b) 


Figure 5-10: Linear conductor of length / carrying a current /. 
(a) The field dH at point P due to incremental current element 
dl. (b) Limiting angles 6; and 05, each measured between 
vector / dl and the vector connecting the end of the conductor 
associated with that angle to point P (Example 5-2). Cont. 


Upon inserting Eqs. (5.26a) and (5.26c) into Eq. (5.25), we have Ex am p | e 5 _ ? o Ma g netic 


[22 


1 f sind شه‎ de Field of Linear Conductor 


47 r? csc? 0 


a 
= (cos 9| — cos 65), (5.27) (a) 
Arr 
R 
where 6, and 0» are the limiting angles atz = —//2andz = 1/2, m ed 
respectively. From the right triangle in Fig. 5-10(b), it follows 
that 
1/2 0 
cos ĝi = E- A i (5.284) " 
yr? + (1/2? 
—1/2 
cos à) = — cos; اج‎ (5.28b) 
vr? + (1/2)? 
(b) 
Hence, 
^ poll 
B= wH =o = (T). (5.29) 
2:٣ 4r* +1? 


For an infinitely long wire with / > r, Eq. (5.29) reduces to 
Figure 5-10: Linear conductor of length / carrying a current /. 


(a) The field dH at point P due to incremental current element 
R , : dl. (b) Limiting angles 6; and 4), each measured between 
(infinitely long wire). — (5.30) vector / dl and the vector connecting the end of the conductor 


个 Mol 
associated with that angle to point P (Example 5-2). 


Example: The Uni orm, We can determine the magnetic flux density by applying the 
MER 1 Biot-Savart Law: 
Infinite Line of Current 


A, de dt x(F-F) P) 


Consider electric current Z flowing along the z-axis from ~ Bae Ir -r[ FF 
Zz = n to Zz = ^. What magnetic flux potential B(r) is ME 
created by this current? | RET a. x le cosó a, + p sind a, -(z-z da a, | dz' 
ړ‎ | OT ید‎ | | | f | | | | FF | | | وإ‎ 2 
Ar |- [ 2 1 13 
LE 1 | po *(z-2) | 
di=a.dz' - l 
z dI f$ p cosó a, - p sinó a, dz' 
H ai = ۳٣ 
r=xa+ya,+za m د‎ A 
: |o *(z-z) dc 
=pcosda 
I lol : z 
- =< ? cos ó a, — p sing a, 
r=z'a, (x'=0,y'=0) 4r (4 ? FIT Je + dé 


IF-F|- 4e cos p+ p? sin'ó-(z—-z') ل‎ Mot (pa ) 
| 2 12 47 二 二 
=p -(Z-Z) 


pd pe 

中 47 م(‎ a, | p 
E HoT ۹ 
a, | | 


Therefore, the magnetic flux density created by a "wire" with 
current Z flowing along the z-axis is: 


Magnetic Field of Long Conductor 


® CD Module 5.2 Magnetic Fields due to Line Sources 
You can place z-directed linear currents anywhere in the 
display plane (x-y plane), select their magnitudes and 
directions, and then observe the spatial pattern of the 
induced magnetic flux B(x, y). 


| Modute s2 Magnetic Fields due to Line Sources || 


”NS‏ سه 


change current value 
remove line source 
move line source 
show magnetic field 
at cursor: 


1 


x : 
- 
N 
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Example 5-3: Magnetic Field of a Loop 
m 


Magnitude of field due to dl is 


I dl 


I 0 
dH = ——~ ldl x R| = کي‎ —- 
TR? 8 4r (a? + z2) 


4 


dH is in the r-z plane , and therefore it has 
components dHr and dHz 


z-components of the magnetic fields due to dl and 
dl’ add because they are in the same direction, 


but their r-components cancel 


Hence for element dl: 


l . [cos 
dH — dH, = dH cos = 2 > dl 
47 (a^ + z^) 


Figure 5-12: Circular loop carrying a current / (Example 5-3). 


Cont. 


Example 5-3:Magnetic Field of a Loop (cont.) 
EE 


For the entire loop: 


" I cos 0 I cos 
H= Z OH PME د‎ x dl 一 
4r (a^ + z^) 4r (a* + Z7) 


N» 


(2za). (5.33) 
Upon using the relation cos 9 = a/(a? + z?)!?, we obtain 


H=? Ia? 


aaa Am). (5.34) 


At the center of the loop (z = 0), Eq. (5.34) reduces to 


and at points very far away from the loop such that z? > a?, 
Eq. (5.34) simplifies to 


9 
Ig 


H=2 
* 2Izp 


(at |z| 2» a). (5.36) 


Figure 5-12: Circular loop carrying a current / (Example 5-3). 


B = Field | rot n an In | inite Using the Biot-Savart Law, we find that the magnetic flux 


density produced by this infinite current sheet is: 
Sheet of Current 


Consider now an infinite sheet of current, lying on the z= 0 
plane. Say the surface current density on this sheet has a 
value: 

J,(r)- J, a, 


meaning that the current density at every point on the surface 
has the same magnitude, and flows in the a, direction. 


Think about what this expression is telling us. 


* The magnitude of this magnetic flux density is a constant. 
In other words, B (r) is just as large a million miles from the 


infinite current sheet as it is 1 millimeter from the current 
sheet! 


* The direction of the magnetic flux density in the —a, 


direction above the current sheet, but points in the opposite 
direction (i.e., a,) below it. 
* 


The direction of the magnetic flux density is orthogonal to 
the direction of current flow a, . 
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Pla Pg دز کر‎ f 


" E 


Lecture 20 


Electrostatics agnetostatics 


Sources Stationary charges Steady currents 


Fields E and D H and B 
Constitutive parameter(s) € and O H 


Governing equations 
e Differential form V:D=Pp, 
VxE=0 


e Integral form $D ds - ل‎ 


pE-dl=0 
C 


Potential Scalar V, with Vector A, with 
E= -VV B=VxA 


Energy density 


Force on charge q Fe =qE 


Circuit element(s) C and R L 


It's all 
relative? 


dipole 
equator 


Magnetic field lines point from North to South 


— N _ T 
ants oF B ane Am teslas 


Gauss lose Loop 
V-B=0 (Sia lines PB-ds=0 
a 


Ampere 


Yx H = J 
C 


Exam ble Tufi nove WIRE 


Magnetic field at wire 2 from 
current in wire 1: 


B - Hoh 
Ir 


uu 
Y G \ Force on a length AL of wire 2: 
\ F-LALB 


Force per unit length in terms 
of the currents: 


Electric \\ 
current 


Remember the force between 
plates in a capacitor? 
Hmmmm.... © 


Solenoids 


An important structure in electrical and computer engineering is 
the solenoid. 


A solenoid is a tube of current. However, it is different from 
the hollow cylinder example, in that the current flows around 
the tube, rather than down the tube: 


X 


Aligning the center of the tube with the z-axis, we can express 
the current density as: 


0 p<a 
| 

AA [ZE 
| m 
[0 p>a 


where ais the radius of the solenoid, and J, is the surface 


current der : 
A: We can easily make a 


solenoid by forming a wire spiral 
around a cylinder. 


We can use Ampere's Law to find the magnetic flux density 
resulting from this structure. The result is: 


r a 
|J, d, p<a 


Note the direction of the magnetic flux density is in the 
direction a, --it points down the center of the solenoid. 


Note also that the magnitude |B(7)| is independent of solenoid 


radius al 


The surface current density ږل‎ of this solenoid is approximately 
equal to: 
NI 
TED 


where N, = N/L is the number of turns/unit length. Inserting 
this result into our expression for magnetic flux density, we 
find the magnetic flux density inside a solenoid: 


Example: 


Find the magnetic field of a very long solenoid. 


Solenoid: 

N turns of wire wound around a straight 
core with cylindrical or rectangular cross 
section. 


When / >> a, we can neglect the fringing 
effects at both ends of the solenoid and 
view it as a toroid with an infinitely large 
radius. Then, the magnetic field is confined 
within the solenoid's core and is given by 

NI N 
„= nl, n= — 

l l 
— turns per unit length 


The field of a long solenoid is 
uniform in first approximation. 


Ampére's Law 


H 


VxH=J € dm-ae=1 
E 


(a) (b) 


The sign convention for the direction of the contour path C in H 

Ampere's law is taken so that I and H satisfy the right-hand H 
rule defined earlier in connection with the Biot-Savart law. , 

That is, if the direction of I is aligned with the direction of the 6 

thumb of the right hand, then the direction of the contour C 

should be chosen along that of the other four fingers. C 


(c) 


Figure 5-16: Ampere's law states that the line integral of H 
around a closed contour C is equal to the current traversing the 
surface bounded by the contour. This is true for contours (a) 
and (b), but the line integral of H is zero for the contour in (c) 
because the current / (denoted by the symbol (2) is not enclosed 
by the contour C. 


Example: 


Find the magnetic field of a toroidal coil. 


Toroid: N turns of wire wound around a ring-like core. 


fH dl =1 
C 


Region 1: "^ «a 


I20 => H=0 


Region 2: 4<r<b 
Í otal =NI 


fH -dl =H, 27r 
C 


Region 3: r>b 


Lori =NI-NI=0 > H =0 


total 


Internal Magnetic Field of Long 


Conductor 
Em 


< Contour C3 
Forr < a uan په"‎ 
C 4 
25, 
f Hi dh = En, نپ‎ 
d 1 
27 uU E uh y, 
S 
fn dl; = / Hı(6 -6)rı do = 2zriHij. j QU S "^ مس‎ 
Cı 0 v -><--- for rı <a 
1 . 
2 پل‎ "- 
The current /; flowing through the area enclosed by C, is equal — 


to the total current / multiplied by the ratio of the area enclosed 
by Cl to the total cross-sectional area of the wire: 


> - o 


(b) Wire cross section Cont. 


External Magnetic Field of Long 
Conductor 


Forr> a 


(b) For r = r2 > a, we choose path Ca, which encloses all the 
current J. Hence, H? = 6 H». d£? = 6r» dd, and 


H2 =0H) =0 


(for r2 > a). (5.49b) 


27 r2 


5-4 thru 5-6 


(a) Loosely wound (b) Tightly wound 
solenoid solenoid 


ES 
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Magnetic Vector Potential A 
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Electrostatics Magnetostatics 
E = -VV B=VxA (Wb/m?), 
€ 
1 Py / ٨ / 
ېا پک سه‎ Au) - ur Wb/m). 
a 47٤ J R’ - 4r J R ( 


some, e call His Field 
Note: in auf text, " aniio وا‎ ftis Ele 


B Magnetic Eloy density = = 7) 
T - mamerne Field Intensity / A 
y 4 | ensiTy (A) 


2p + u^ 


1 Gauss = 1x10 Tesla 


۱١ 


| 


0.31-0.58 gauss - the Earth's magnetic field at its surface 
50 gauss — a typical refrigerator magnet 


2000 gauss - a small neodymium-iron-boron (NIB) magnet 
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Where's the current? 


(a) Loosely wound (b) Tightly wound 
solenoid solenoid 


zuNI 
B > zunl = 一 一 (long solenoid with //a > 1) 


¿¿1no pja1] 21139029 0 Əy} 12| SSUIPUIM 
əy} ui sde3 əy} 1,uop ¿é 2:23s00| OS AM 


Magnetic permeability, u [H/m] 
(related to the magnetization 
properties of the materials) 


Randomly oriented Highly oriented 


Each nucleus behaves like 
a bar magnet. 


Electrons in an atom, or 


HU = U, Mo 


ef Domain walls in a soft magnetic 
zt» sputtered FeN (50 nm) /AI203 (5 nm) 
_ Î FeN (50 nm) filmstructure 


malki) = diamagnetic 
u, =1(>1) — paramagnetic 


u,>>]1 — ferromagnetic 


Thus, u, = Lor jt = po for diamagnetic and paramagnetk 
substances, which include dielectric materials and most 


metals. In contrast, |p| >> | for ferromagnetic materials; 
lu, | of purified iron, for example, is on the order of 2 x 10° 


Permanent magnetic 
dipole moment 


Diamagnetism 
No 


Paramagnetism 
Yes, but weak 


Ferromagnetism 


Yes, and strong 


Primary magnetization 
mechanism 


Electron orbital 
magnetic moment 


Electron spin 
magnetic moment 


Magnetized 
domains 


Direction of induced 
magnetic field 
(relative to external field) 


Opposite 


Same 


Hysteresis 
[see Fig. 5-22] 


Common substances Bismuth, copper, diamond, | Aluminum, calcium, 
gold, lead, mercury, silver, | chromium, magnesium, 
silicon niobium, platinum, 
tungsten 
Typical value of Xım يم‎ —10-> Ai 10-5 |Xm] > 1 and hysteretic 
Typical value of 2. el zl | > 1 and hysteretic No T" on Qe 
* 


Boundaries 


5-7 thru 5-8 


Lecture 22 


Inductors 


Why Coileralt 4 


ip inductors are 
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(a) Loosely wound (b) Tightly wound 
solenoid solenoid 


Inductance < — Units ox b/g = H 
* self (MNR 3 


* mutual 


N2 
nauctance Len Us (olen, ووی‎ 
and for two-conductor configurations similar to those of 
a E EEN 


Magnetic Flux 
$ = | Bas (Wb). 
5 


Flux Linkage 
N? 
A= NO =j E din (Wb) 


Inductance Radius a 


A 


Solenoid 


2 


= وڅ‎ (solenoid), (5.93) 


and for two-conductor configurations similar to those of 
Fig. 5-27, 


(b) Coaxial transmission linc 


Figure 5-27: To compute the inductance per unit length of 
a two-conductor transmission linc, we need to determine the 
magnetic flux through the area $ between the conductors. 


Example 5-7: Inductance of Coaxial Cable 


i 1 
j L 


The magnetic field in the region S between | 
the two conductors is approximately 


a wl © © 

179 aar © © s 
Uu d 
© © 


Total magnetic flux through S: 
Outer ~ | | © © Outer 


/ : m تا‎ E 
I Il b ا ا‎ 2 
中 一 f B dr = f 1 dr = 5 In 9 conductor p | conductor 
Tr 7 a 
a Inner t 
{ 


a 
conductor 


Inductance per unit length: 
Figure 5-28: Cross-sectional view of coaxial transmission line 


E 中 E u n(2) (Example 5-7). 
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e e 1 
Magnetic Energy Density 4, = > = sun? 
EN Sess N 
Example 5-8: Magnetic Energy in a Coaxial Cable ! 
Magnetic field in the insulating material is oo 
© © S 
yg B. d 
Su Ir 9 
Outer f © Outer 


conductor conductor 


The magnetic energy stored in the 


coaxial cable is conductor 
b 
l " pl? fi pr^ fi 
y y a 


pa? (4) 
= 一 一 jn | 一 
47 a 


1 2 
=> LI (J), 


Iron core 


o 


Insulated wire wo 
Magnetic field 
(a) Solenoid (b) Horseshoe electromagnet 


Figure TF10-1: Solenoid and horseshoe magnets. 


Magnetic Energy Density 


Example 5-8: Magnetic Energy in a Coaxial Cable 


Magnetic field in the insulating material is 


Outer 
conductor 


The magnetic energy stored in the 


coaxial cable is 


2 2 
1 : _ pl 1 uI 
V V a 
url | b 
Win 2 3 i 47 د‎ 0 
tig رت‎ A (J/m?) 


Table 5-1: Attributes of electrostatics and magnetostatics. 
Attribute Electrostatics Magnetostatics 
Sources Stationary charges p, Steady currents J 
Fields and Fluxes E and D H and B 


Constitutive e and o 
parameter(s) 


Governing equations 
e Differential form V-D= py V-B=0 
Y x EU VxH agJ 


e Integral form ]»--o $B-as=0 


fE- ao ۸٢ 
C C 


Potential Scalar V, with Vector A, with 
E — VV B=VxA 


Energy density We = leE 2 Um = 54H 2 


Force on charge q Fe = qE Fm = qu x B 
Circuit element(s) C and R 8 


L 71 
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Secondary 
voltage 


